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Abstract 

This is an appendix to the English translation of the book by A. A. 
Goldberg and I. V. Ostrovskii, Distribution of values of meromorphic 
functions, Moscow, Nauka, 1970. An English translation of this book 
is to be published soon by the AMS. In this appendix we survey the 
results obtained on the topics of the book after 1970. 

The hterature on meromorphic function^ is very large. There is a com- 
prehensive survey [62] that contains everything that was reviewed on the 
topic in the Soviet "Referativnyi Zhurnal" in 1953-1970, and a later large 
survey [67j. More recent surveys [30], [HQ] and |48j are shorter and have 
narrower scope. 

Some books on specific topics in the theory of meromorphic functions 
published after 1970 are [H], [20], [79], [lOO], [137], [l34], [HE], [162]. A 
survey of the fast developing subject of iteration of meromorphic functions 
is [7]. 

Here we give a short survey of some results which are closely related 
to the problems considered in this book. Thus we do not include many 
important topics, like geometric theory of meromorphic functions, iteration, 
composition, differential and functional equations, normal families, Borel and 
Julia directions, uniqueness theorems, and most regrettably, holomorphic 
curves and quasiregular mappings. 

Chapter I. 

Mokhon'ko [121j proved the following generalization of (6.29), Ch. L Let 

R{w,z) be a rational function of w whose coefficients are meromorphic func- 
tions h{z) satisfying T{r, h) = O(0(r)), where (f) is a fixed positive increasing 



^If the domain is not specified explicitly, we mean meromorphic functions in C. 
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function on [0, oo). Then for every meromorphic function f we have 

T{r, Rif{z), z)) = deg^ RT{r, f) + O(0(r)). 

This is a purely algebraic result; its proof uses only properties (6.5), (6.6), 
(6.8') and the property T(r, f^) = 2T(r, /). 

Another result in the same direction is due to Eremenko [39] . Let F{u, v, z) 
he a polynomial in u and v whose coefficients are meromorphic functions h 
of z satisfying T{r, h) = O(0(r)), where cf) is a function as above, and assume 
that F is irreducible over the algebraic closure of the field of meromorphic 
functions. If f and g are meromorphic functions satisfying 

Fif{z),g{z),z)^0, (1) 

then 

deg„FT(r,/) = {deg, F + o{l))T{r, g) + 0{<P{r)). 

Both theorems have applications in the analytic theory of differential equa- 
tions. 

Vojta |153j noticed a formal analogy between the definition of the Nevan- 
linna characteristic and the definition of height in number theory. This anal- 
ogy extends quite far, and it has been a source of many interesting results and 
conjectures in the recent years. For example, under Vojta's analogy, Jensen's 
formula corresponds to the fundamental theorem of arithmetic, while the sec- 
ond main theorem without the ramification term corresponds to the Thue- 
Siegel-Roth theorem on Diophantine approximation. The full second main 
Theorem corresponds to the famous unproved conjecture in number the- 
ory which is known as the "afec-conjecture" . The analogy extends to the 
multi-dimensional generalizations of Nevanlinna theory, where it has been 
especially fruitful |137[ llOlj . As an example of the influence of Vojta's anal- 
ogy on the one- dimensional value distribution theory, we mention the recent 
precise results on the error term in the second main theorem (see comments 
to Chapter III). 

Analogies between function theory and number theory were noticed before 
Vojta, see, for example |126j . Osgood was the first to view the second main 
theorem as an analogue of the Thue-Siegel Roth theorem \129\ \130\ 1131] . 
See also [Ml [77]. 

Formula (2.6), Ch. I is the basis of the so-called "Fourier method" in the 
theory of entire and meromorphic functions, which was developed in the work 
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of Rubel [138] , Taylor, Miles and others. The Fourier method is considered 
as a substitute for the Weierstrass representation, which is more effective 
in certain cases. One of the main results achieved with this technique is 
the theorem of Miles [114j on the quotient representation of meromorphic 
functions: Every meromorphic function f can be written as f = Qi/go, where 
Qj are entire functions, possibly with common zeros, satisfying 

T{r,g,)<AT{Br,f), j = 0, 1, 

where A and B are absolute constants (independent of f). Moreover, for 
every B > 1 there exists A such that the above statement holds for every /. 
Simple examples show that one cannot in general take B = 1. This result was 
improved by Khabibullin [97] : Let f be a meromorphic function and e > a 
non-increasing convex function on [0, oo). Then there esists a representation 
f = gi/go such that gj are entire functions, and 

H\g,{z)\ + \g,{z)\) < -^^T{{l+e{\z\))\z\J) + B,. 

Khabibullin also extended Miles's theorem to meromorphic functions in C". 
A survey of his results is ^98j . 

The Fourier method is also one of the main tools for the study of functions 
which satisfy various restrictions on the arguments of a-points (see comments 
to Chapter VI). A recent book on the Fourier method is [99j. 

Chapter II. 

Various properties of increasing functions on [0, oo) play an important role 
in the theory of meromorphic functions. By 1970 it became clear that the 
lower order A is at least as important as the order p. The main development 
since 1970 was "localizing" the notion of order. 

Let $ be an unbounded increasing function. A sequence r/j — » oo is called 
a sequence of Polya peaks (of the first kind) of order fi if the inequalities 

$(rrfc) < (1 + eky^rk), < r < e^^ 

hold with some 0. Polya peaks were formally introduced by Edrei [33] , 
though they were used by Edrei and Fuchs already in 1963. Polya peaks of 
order fi exist for all fi in certain interval [A*,p*], which contains the interval 
[A, p]. The endpoints A* and p* of this interval are called the order and lower 
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order in the sense of Polya, respectively. The following formulas were given 
in [21]: 

p* = sup{p: limsup g (Ax)/ A'^gi^x) = 00} 

and 

A* = mi{p:limmi g{Ax)/A^g{x) = 0}. 

XjA— »oo 

Most contemporary results on functions of finite lower order use Polya peaks. 
Chapter III. 

Milloux' inequality (Ch. Ill, Theorem 2.4) has led to a rich vein of results 
developing the value distribution properties of meromorphic functions and 
their derivatives, in which a decisive role has been played by the paper [7T] 
of Hayman. 

Perhaps the most striking of the many results from [7T] is Hayman's al- 
ternative (Ch. Ill, Theorem 2.6): if a function / meromorphic in the plane 
omits a finite value a, and its kth. derivative f'^^\ for some A; > 1, omits a 
finite non-zero value 6, then / is constant. Two principal questions arising 
in connection with Hayman's alternative are: (i) whether a version of Hay- 
man's main inequality (Ch. HI, (2.23)) holds with N{r, l/(/ ~ «)) replaced 
byiV(r,l/(/-a)); (ii) whether /('^^ can be replaced by a more general term, 
such as a linear differential polynomial 

F = L[f] = + a^.i/C^-^) + . . . + ao/, (2) 

with suitable coefficients aj of small growth compared to /. A positive an- 
swer to (i) was given by Chen PT|. Question (ii) was answered affirmatively 
in |lU2j . although there do exist exceptional functions /, which may be deter- 
mined from the a^, for which / and F —1 have no zeros. A unified approach 
to the questions from [TTJ 1102] may be found in [1^ . It was shown further 
in p!9l [82] that if P is a non-constant differential polynomial in /, all of 
whose terms have degree at least 2 in / and its derivatives, then a version 
of Hayman's inequality holds with f'^^'> replaced by P, and with counting 
functions. 

Question (i) is related to the issue of whether f — a and f^''^ — b {k > l,b 
0) can both fail to have simple zeros, in analogy with the sharp result that 
a nonconstant meromorphic function cannot be completely branched over 
five distinct values. It has recently been shown [128] using normal family 
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methods that if / is transcendental and meromorphic in the plane with only 
multiple zeros then /' takes every finite non-zero value infinitely often (see 
also [MfT55]l 

The obvious example f{z) = shows that a transcendental entire func- 
tion / may have the property that / and all its derivatives omit 0: thus 
the condition 6 7^ is necessary in Hayman's alternative. However, Hayman 
showed in [7T] (see Ch. Ill, Theorem 2.7) that if / is an entire function such 
that //" has no zeros then f{z) = ex]i{Az + B) with A,B constants: this 
follows from applying (Ch. Ill, Theorem 2.6) to ///'. Clunie [21|| established 
the corresponding result with /" replaced by a higher derivative /*^^\ which 
on combination with Hayman's theorem on //" significantly improved earlier 
results of Polya and others on the zeros of entire functions and their deriva- 
tives [2U I135i I140[ I141j . The Tumura- Clunie method, as developed in [21] . 
shows that if "^kig] is a differential polynomial of form "^kig] = g'^ + Pk-i[g], 
where Pk-i[g] is a polynomial in g and its derivatives of total degree at most 
k — 1, and with coefficients of small growth compared to g, and if g has 
few poles and ^^b] has few zeros, then "ifkig] admits a simple factorisation. 
The application to zeros of ff^^^ then follows by writing f^''^ //in the form 

[/'//]. Variants and generalisations of the Tumura-Clunie method, allow- 
ing functions g with unrestricted poles, appear in a large number of papers 
including notably [1251 flSTlfTGl] . 

It was conjectured by Hayman in [7T] that if / is meromorphic in the plane 
and ff^'^^ has no zeros, for some k > 2, then f(z) = exp{Az + B) or f{z) = 
[Az + -B)~™, with A,B constants and m G N. This was proved by Frank 
[52] for /c > 3 and by Langley [103] for = 2 (see also [9l 1105] ). while simple 
examples show that no such result holds for k = 1. Generalisations include 
replacing f f^^^ by /F, where F is given by ([2]) with rational coefficients 
M, M Ei, and by //" - a/'^, a G C [SI [Ml M. Closely linked 
to Milloux' inequality and Hayman's alternative is the question of whether 
G = /"/' must take every finite non-zero value, when / is non-constant 
meromorphic and n G N, the connection being that {n + l)G is the derivative 
of /"^^, which has only multiple zeros and poles. Hayman proved in [7T] 
that this is the case for n > 2 and / entire, and for n > 3 when / has 
poles. Following incremental results by a number of authors [22ll8T|ll24j . the 
definitive theorem in this direction was proved in [1T|: if / is a transcendental 
meromorphic function in the plane and m > k > 1 then (J™)^^) has infinitely 
many zeros. Here the result is proved first for finite order, and the infinite 
order case is then deduced by applying a renormalisation method from normal 
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families |132[ 11331 1163j . The closely related question of whether /' + may 
omit a finite value, which in turn is related to the Tumura-Clunie method, 
is resolved in pT| [711 \T2M 1146] . A more recent conjecture |156j asserts that 
if / is a transcendental meromorphic function then Z/*^^-* takes every finite, 
non-zero value infinitely often: this is known to be true for k = 1 [11], and 
for k = 2 and / entire |1U7] . 

A further development from [7T] leads to two conjectures which remain 
open. Hayman observed in [7T] that since the derivative /' of a transcendental 
meromorphic function / has only multiple poles, it follows that /' has at most 
one finite Picard value. It was subsequently conjectured by Mues |122j that 
the Nevanlinna deficiencies of /*■'"'' satisfy, for m > 1, 

5: 5(a, /(-))<!. (3) 
aec 

This was proved by Mues [122j for m > 2, provided all poles of / are simple. 
In the general case the best known upper bound for the sum in (jS]) appears 
to be 4/3 [MfT6T]. 

The Mues conjecture ([3]) would follow from a positive resolution of the 
Gol'dberg conjecture that, for a transcendental meromorphic function / and 
k>2, 

N{rJ)<N{r,l/f^'^) + o{T{rJ)) (4) 

as r ^ cxD, possibly outside an exceptional set. This is in turn linked to a 
classical result of Polya |135j that if / has at least two distinct poles then 
f^''^ has at least one zero, for all sufficiently large k. When / has poles of 
multiplicity at most k — 1 the inequality (jlj) follows from a lemma of Frank 
and Weissenborn [55] (see also [154] ). so that in particular if / has only 
simple poles then is true for every positive m. A related inequality was 
proved in [531 1149] : if F = L[f] as in ([2]), where the aj are small functions 
compared to /, then either 

iV(r, F) < N{r, 1/F) + 2N{r, /) + o{T{r, /)) 

outside a set of finite measure or / is a rational function in solutions of the 
homogeneous equation L[w] = 0. This method is connected to Steinmetz' 
proof [147] of the second main theorem for small functions discussed below. 
No further results in the direction of (jl]) appear to be known, although it 
was proved by Langley in [106] that if / is meromorphic of finite order in the 
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plane and f^^^ has finitely many zeros, for some k > 2, then / has finitely 
many poles. 

Examples abound of meromorphic functions with infinitely many poles 
such that the first derivative has no zeros, but it was proved in [50] (see also 
that if / is transcendental and meromorphic with lim sup^^^^ T(r, f)/r = 
then /' has infinitely many zeros: the corresponding result with lim sup re- 
placed by liminf may be found in [83j . 

We remark that the above results have all been stated for functions mero- 
morphic in the plane. Those which are proved only using properties of the 
Nevanlinna characteristic admit in some cases generalisation to functions of 
sufficiently rapid growth in a disk [7Tj or a half-plane |11U] . Some related 
results for functions of slower growth in the disc appear in |143[ 1145] . 

An old conjecture of Nevanlinna was that one can replace constants in 
the second main theorem by meromorphic functions ak{z) with the property 
T{r,ak) = o(T{r,f)). Such functions are usually called "small targets". 
For the case of an entire function / such a generalization was obtained by 
Chuang Chi Tai in 1964. Much later, the second main theorem without the 
ramification term, was proved for meromorphic functions by Osgood, who 
used methods from number theory |129l I130[ llSlj . A substantial simpli- 
fication of Osgood's proof was made by Steinmetz [147] . who also used a 
beautiful idea of Frank and Weissenborn [55] . Osgood and Steinmetz proved 
that 

X: N{r, if - a,)-') >{q-2 + o(l))T(r, /), 

k=l 

outside of the usual exceptional set. The proof in |147] is simple and elegant; 
and uses only manipulations with Wronski determinants and the classical 
lemma on the logarithmic derivative. This makes it suitable for generaliza- 
tions to holomorphic curves |130l 11311 1137] . However, this version of the 
second main theorem does not take ramification into account. Simple exam- 
ples like f{z) = + z where S{oo, /) = S{z, /) = 1 and Ni{r, f) ~ T(r, /) 
show that one cannot include the term A'^i. However, the following form of 
the second main theorem holds with small targets: 

X: iV(r, (/ - a,)-') >{q-2 + o(l))T(r, /), 

k=l 

where N{r, (/ — ak)~^) is the usual function counting zeros of / — a disre- 
garding multiplicity. This result was recently obtained by Yamanoi [160j. In 
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[159] he separately treats the case of rational functions when the proof is 
technically simpler. Yamanoi's proof is very complicated, and it will be hard 
to generalize to holomorphic curves. Surprisingly, it uses Ahlfors's theory of 
covering surfaces (and also algebraic geometry, moduli spaces of curves, and 
combinatorics). The idea to bring Ahlfors's theory to this context has its ori- 
gin in the work of Sauer |139] who obtained a partial result for rational small 
targets. One application of Yamanoi's generalization of the second main the- 
orem is the following. Suppose that f and g are meromorphic functions in 
C satisfying a relation of the form If the genus of the curve F{u, v) = 
is greater than 1, then T{r, f) + T{r,g) = O(0(r)). This was conjectured by 
Eremenko in 1982, and the important special case that 0(r) = Inr, that is 
F is a polynomial in all three variables, was proved by Zaidenberg in 1990. 

Now we turn to the classic setting. The estimate in the lemma on the 
logarithmic derivative was improved by Gol'dberg and Grinstein j66] : 




where the constant depends on /. Vojta's analogy (see comments to Chap- 
ter I) stimulated new interest in refined estimates for the logarithmic deriva- 
tive, as well as for the error term 



in the second main theorem. Miles [118] derived from Gol'dberg's and Grin- 
stein's estimate the following. Let ip be a continuous non- decreasing function 
such that 



outside an exceptional set of finite logarithmic measure. The strongest results 
on the error term S{r, f) belong to Hinkkanen [SJ], for example: 



outside an exceptional set of finite logarithmic measure, where (j) is as before. 
If one replaces ip by tiplt), then both results will hold outside an exceptional 




m(r, /'//) < ln+{T(p, /)(1 - (r/p))-'} + const. 



S{r, /) = ^ m(r, a„ /) + N,{r, f) - 2T(r, /) 




Then for every meromorphic function f we have 



m(r,/V/) <ln+^(T(r,/)) + 0(l) 



^(r,/)<ln+^(T(r,/))+0(l), 
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set of finite measure. All presently known results on the error terms in one- 
dimensional Nevanlinna theory are collected in the book jl8j . 

No analog of the second main theorem holds without an exceptional set 
of r's. This can be seen from the result of Hayman [72j: Let {Ek} be closed 
sets of zero logarithmic capacity, and (p andip arbitrary unbounded increasing 
functions. Then there exist an entire function f and a sequence ^ oo such 
that N{rk, a, f) < (j){rk) In for all a e Ek, while T{rk, f)> i){rk). 

Chapter IV. 

The result of Hayman we just cited shows that the set Ev{f) of Valiron 
exceptional values, which always has zero capacity, can contain any set of 
zero capacity, but a complete description of possible sets Ev{f) is not known. 

For meromorphic functions / of finite order, Hyllengren [HS] obtained a 
very precise description of the sets Ev{f)- Let us say that a set E satisfies 
the if-condition if there exist a sequence (a„) of complex numbers and rj > 
such that every point of E belongs to infinitely many discs {w : |w — a„| < 
exp(— exp(?7n))}. For every meromorphic function f of finite order, and 
every x e (0,1), the set Ey^x, f) of those a G C for which A(a, /) > x 
satisfies the H-condition, and vise versa, for every set E satisfying the H- 
condition, there exist an entire function f and a number x G (0, 1) such that 
A{a, f) > X, for all a & E. Notice that the if-condition is much stronger 
than the condition of zero capacity. 

The first example of an entire function of finite order whose deficiency 
depends on the choice of the origin was constructed by Miles [116] . The order 
of this function was very large. Then Gol'dberg, Eremenko and Sodin f65] 
constructed such examples with any given order greater than 5. (For entire 
functions of order less than 3/2, deficiencies are independent of the choice of 
the origin.) 

Chapter V. 

Put L{r, f) = In /i(r, /) / In M(r, /), where /i(r, /) = min{\ f{z) : \z\ = r}. 
Corollary 3 on p. 232 says that limsup^^^^^ L(r, /) > — [2A]. Hayman [70] 
showed that the same holds with —2 [A] replaced by —2.19 In p when p is large 
enough. For functions of infinite order, he proved 

L{r, f) 

limsup— — > -2.19. 

r^oo^ In In In M(r,/) " 
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He also constructed examples of entire functions of large finite order for 
which limsup^^^ L(r, /) < —1. Then Fryntov [S^, answering a question 
of Hayman, constructed entire functions of any given order p > 1 with the 
same property. Drasin |29] constructed entire functions of order one, maximal 
type, with the property M(r, /)/i(r, /) 0. This may be contrasted with a 
remarkable theorem of Hayman [75] which says that if f is an entire function 
of order one and normal type, and M{r, f)fi{r, f) is bounded, then f{z) = 
cexp(a2;) for some constants c and a. 

Thus for an entire function of order at least one, /x(r, /) can decrease at a 
higher rate than that of increase of M(r, /). The situation changes dramati- 
cally if we consider the rate of decrease of \f{z) \ on an unbounded connected 
set. Hayman and Kjellberg [7S] proved that for every entire function f and 
every K > 1 all components of the set {z : In \f{z)\ + KlnM{\z\, f) < 0} are 
bounded. 

Theorem 1.3' has been the subject of many deep generalizations. First 
we mention the famous "spread relation" of Baernstein [2] [1] conjectured by 
Edrei in [31]: If f is a meromorphic function of lower order X, then for every 
e > there are arbitrary large values of r such that the set of arguments 9 
where \f{re^^)\ > 1 has measure at least 



were given in [T]. 

Fryntov, Rossi and Weitsman [571 EH] proved that under the assumptions 
of the spread conjecture, the set |/(re*^)| > 1 must contain an arc of length 
(Q. See also [3] for the sharp lower estimate of the length of the arcs in the 



Extremal functions for the spread relation and its generalizations were 
studied extensively, [51 ESI EH 1112]. 

The new methods introduced by Baernstein [2], [1] are based on the use 
of subharmonic functions, and especially, on a new type of maximal function, 
the so-called "star-function" , which turned out to be very useful in solving a 
wide variety of extremal problems of function theory. An account of Baern- 
stein's star function and its main applications is contained in the monograph 






set {6 : ln|/(re^'^| > a In M(r,/)}. 



m 
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One important application of the spread relation is the sharp estimate 
of the sum of deficiencies of a meromorphic function of lower order A < 1 
[35]. // a meromorphic function f of lower order A has at least two deficient 
values, then 



The sharp estimate of the sum of deficiencies of a meromorphic function in 
terms of its order or lower order A is still not established for A > 1. The 
conjectured extremal functions are described in [32] . 

The results of §2 show that neither Nevanlinna nor Borel exceptional 
values need be asymptotic values. On the other hand, Picard exceptional 
values are asymptotic. A natural question arises, whether any condition of 
smallness of N{r, a, f) in comparison with T(r, /) will imply that a is an 
asymptotic value. The basic result belongs to the intersection of the papers 
|16j . [71], and ^38]. Let f be a meromorphic function of lower order X < oo. If 
the order of N{r, a, f) is strictly less than min{l/2. A} then a is an asymptotic 
value. Example 3 on p. 249 shows that this condition is sharp, if only the 
lower order of / is taken into account. In [38j, a weaker sufficient condition 
for a to be an asymptotic value is given, that uses both the order and lower 
order of /. Hayman [7^ gives the following refined condition: if 



then a is an asymptotic value. 

The problem on p. 285 of optimal estimation of for functions of 
lower order greater than 1 is still open, even for entire functions. It has been 
solved only for entire functions with zeros on a ray [9^ . 

The best estimates known at this time for entire and meromorphic func- 
tions with fixed A > 1 are contained in I12U] . They are derived from the 
following sharp inequality which is obtained by the Fourier method: 




< A < 1/2 
1/2 < A < 1. 




N {r, 0) + N{r, oo) 
m2(r, /) 



sin ttA 



sin 27rA 



1/2 



lim sup 



> sup 



ttA 



1 + 



27rA 



A*<A<p* 



where m2 is the L^- 



norm. 
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and A* and p* are the order and lower order in the sense of Polya, [21] (see 
also comments to Chapter II). 

In 1929, F. Nevanlinna [127] found that meromorphic functions of finite 
order satisfying Ni{r, /) = have the following properties: 

a) 2p is an integer, 2p > 2, 

b) all deficient values are asymptotic, and 

c) all deficiencies are rational numbers with denominators at most 2p, 
and their sum equals 2. 

It was natural to conjecture that one of the conditions 

N,{rJ) = o{TirJ)), (6) 

or 

E%'/) = 2 (7) 

implies the properties a), b) and c). Notice, that by the second main theorem, 
([7j) implies ([6]) for functions of finite order. 

It turns out that a strong form of this conjecture holds: 

Small Ramification Theorem. If f is a meromorphic function of 
finite lower order with the property then a), b) and c) hold, and: 

T{r,f) = r%r), (8) 

where i is a slowly varying function in the sense of Karamata. 

As a corollary we obtain that conditions ([6]) and ([7]) for functions of finite 
lower order are equivalent. 

This result has a long history which begins with theorems of Pfluger and 
Edrei and Fuchs establishing the case of entire functions (see Corollary 2 on 
p. 315). Weitsman |158] proved that ([7j) imphes that the number of deficient 
values is at most 2p. Then Drasin [27|, [28] proved that for functions of finite 
order ([7]) implies a), b) and c) and the regularity condition (jSj). Eremenko 
proposed a new potential-theoretic method (see, for example, [IS]) which 
finally led to a proof of a simpler proof of Drasin's theorem. The small 
ramification theorem in its present form stated above is proved in [44j . 

These results show that besides the defect relation, there is an additional 
restriction on defects of functions of finite order: ([7]) implies that the number 
of deficient values is finite and all defects are rational. 
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There are other restrictions as well. Weitsman's theorem |157j says that 
for functions / of finite lower order 

Y^Siajy/' < oo. (9) 
aec 

The story of this theorem is described in Comments to Chapter VII (see p. 
576). Weitsman's proof can actually be modified to produce an upper bound 
depending only on the lower order of /. 

The second restriction concerns functions of finite order having a defect 
equal to 1. Lewis and Wu proved that such functions satisfy 

Y^Siajy/'-- < oo, 

aeC 

with some absolute constant a > 0. Their proof gives a = 2~^^^, which is far 
from what is expected. (Lewis and Wu state their result for entire functions 
but their proof applies to all functions with 6{a, /) = 1 for some a.) 

Examples of entire functions of finite order with the property 5(a„, /) > c"' 
for some c G (0, 1) are constructed in |l5], but a large gap remains between 
these examples and the result of Lewis and Wu. 

Recent research on value distribution meromorphic functions of the form 

Z — Zf: \Zk\ 

was mainly concentrated on the functions with > 0. Such functions are 
(complex conjugate to) gradients of subharmonic functions of genus zero with 
discrete mass. The main conjecture is that every function of the form flTUl) 
has zeros. This was proved in [50] under the additional assumption that 
inf Cfc > 0. 

Chapter VI 

Entire functions whose zeros lie on (or are close to) finitely many rays 
were intensively studied. Under certain conditions, one can estimate 5(0, /) 
from below, as in Corollary 4 on p. 350. The strongest results in this 
direction belong to Hellerstein and Shea [91] and Miles |115] . One of the 
results of [91] says that 5(0,/) > Bq{9i, ...,9n) for all entire functions of 
genus q with zeros on the rays a.Tgz G {6i, ...,6q), and Bg ^ 1 when q ^ oo 
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while the rays remain fixed. In the case of one ray, they obtained Bq{9) = 
1 — (vr^e"^ + 0(1))/ In g, q 00. For entire functions of infinite order with 
zeros on a ray, Miles |115j proved that iV(r, 0, /)/T(r, /) — >• as r — ^ cxo 
avoiding an exceptional set of zero logarithmic density. However, it may 
happen that 5(0, /) = for such functions, as Miles shows by an example 
constructed in the same paper. 

Hellerstein and Shea [HI] also considered meromorphic functions of finite 
order whose zeros {zn} and poles {wn} lie in opposite sectors | argz„| < rj 
and I aigWri — vr| < 77, where < rj < n/G. For such functions, they obtained 
a sharp estimate of K{f) (definition on p. 285) from above. 

For entire functions with zeros on finitely many rays, there are relations 
between the order and lower order (see p. 344). There relations were further 
investigated in |117[ [60] and |136] . 

Miles |117] considers the class of meromorphic functions / whose zeros 
belong to a finite union of rays X and poles belong to a finite union of rays 
Y, where X (lY = ^, and such that the exponent of convergence of the union 
of zeros and poles is a given number q. He then produces a non-negative 
integer p = p{q, X, Y) such that 

T(r,f) T(r,f) 
lim — = 00 if p > and lim — — ^ — = 00 if p = 0, 

and these growth estimates are sharp in the considered class. The integer p 
depends in a subtle way on the arithmetical properties of the arguments of 
the rays X and Y, and this integer is in general hard to compute or estimate. 

Gleizer [50] considers entire functions with zeros on n rays. If n = 1 or 
n = 2, we have p < [A] + n, where [ ] is the integer part. This follows from 
Theorem 1.1, Chapter VI. However, if n = 3, then the difference p — X can 
be arbitrarily large. In this case, Gleizer proved that [p] < 3([A] + 1). For 
arbitrary n, Qiao |136] proved that p < 4''"^ ([A] + 1). 

In [521 EI], Gleizer extended Theorem 4.1 by taking into account not only 
the order but the lower order in the sense of Polya. He used Baernstein's 
star-function. 

There has been remarkable progress in the problems considered in §5. The 
conjecture of Polya and Wiman stated on p. 417 was proved by Hellerstein 
and Williamson 1^ . If f is a real entire function such that all zeros of 
ff'f" are real then f belongs to the Laguerre-Polya class. In [HS] the same 
authors with Shen classified all entire functions (not necessarily real) with the 
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property that ff'f" has only real zeros. The classification of meromorphic 
functions with the property that all their derivatives have only real zeros was 
achieved by Hinkkanen [HHl EH [88l [Ml [90] . 

Sheil-Small [144j proved a conjecture of Wiman (1911), that every real 
entire function of finite order with the property that //" has only real zeros 
belongs to the Laguerre-Polya class. Bergweiler, Eremenko and Langley [13] 
extended Sheil-Small's result to functions of infinite order. Then Langley 
|109j extended this result to the derivatives of higher orders: If f is a real 
entire function of infinite order, with finitely many non-real zeros, then f^'^^ 
has infinitely many non-real zeros for every k > 2. 

For real entire functions of finite order with finitely many non-real zeros, 
that do not belong to the Laguerre-Polya class, Bergweiler and Eremenko 
[12] proved that the number of non-real zeros of f^''^ tends to infinity as 
/c — *• cxD. Together with Langley 's result, this confirms another conjecture of 
Polya (1943). 

Chapter VII 

The inverse problem (as stated on p. 487) was completely solved by 
Drasin [23] • A simplified proof is given in [2S] • The general idea is the same 
as in Chapter VII: quasiconformal surgery and a version of the theorem of Be- 
linskii and Teichmiiller are involved. However, unlike in Chapter VII, Drasin 
does not construct the Riemann surface spread over the sphere explicitly but 
uses a more flexible technique. 

Theorem 8.1 in Chapter VII actually gives a complete solution of the 
inverse problem for finitely many deficient values in the class of meromorphic 
functions of finite order. (This was not known in 1970 when the book was 
written. That condition 3 of this Theorem 8.1 is necessary follows from the 
small ramification theorem above). 

On the narrow inverse problem in the class of meromorphic functions of 
finite order with infinitely many deficiencies, there is the following result [12] : 

Let {a} be an arbitrary infinite countable subset of C, and {(5„} positive 
numbers satisfying the following conditions: 
(i) 5n < 1, 
(a) < 2, and 

(ill) En^y^ < OO. 

Then there exists a meromorphic function f of (large) finite order such 
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that S{an, f) = Sn, and f has no other deficient values. 

The order of this function depends on the quantities in the right hand 
sides of (i), (ii) and (iii). 

Conditions (ii) and (iii) are necessary because of the small ramification 
theorem, and Weitsman's theorem (see comments to Chapter V above). Con- 
dition (i) cannot be removed because of the Lewis and Wu theorem stated 
above, but it is not known what the precise condition on 6n is, if 5i = 1. 

The class of meromorphic functions with finitely many critical and asymp- 
totic values which was used in Chapter VII to investigate the inverse problem 
is interesting independently of this application. Let us call this class S. The 
first general result on functions of this class belongs to Teichmiiller, who 
proved that the second main theorem becomes an asymptotic equality for 
functions of this class: 

^ m(r, a„ /) + iVi(r, /) = 2T(r, /) + g(r, /), 

where all critical and asymptotic values. 

Langley [108] found that the growth of a function f E S cannot be arbi- 
trary: 

c(/) :=liminf ^^^^ > 0. 

This constant c(/) can be arbitrarily small, but in the case that / has only 
three critical and asymptotic values, we have |49J c(/) > v^/(27r) and this 
is best possible. On the other hand, there are no restrictions from above on 
the growth of functions of class S [113]. 

Class 5* plays an important role in holomorphic dynamics (iteration of 
entire and meromorphic functions), see, for example, the survey [7]. In [23] 
an application of almost periodic ends is given. In [32] the method of Chapter 
VII is extended to a new class of Riemann surfaces which the authors call 
"Lindelofian ends" . The corresponding functions have infinitely many critical 
values and thus do not belong to the class S. 

Appendix. 

Govorov's original proof of the Paley conjecture was a byproduct of his 
research on the Riemann Boundary problem with infinite index [68]. His 
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theorem was generalized to meromorphic functions by Petrenko, to subhar- 
monic functions in R" by Dahlberg, and to entire functions of several complex 
variables by KhabubuUin, see his survey |98j . 

Petrenko introduced the following quantity which he called the "deviation 
of / from the point a" . 

/3(a, /) = hmmf . (11) 

This differs from the defect in one respect: the uniform norm of In"*" |/(re*^) — 
a|~^ stands in the numerator instead of the norm. Petrenko's generaliza- 
tion of Govorov's theorem proved in the Appendix can be restated as: 

PiaJ)<n\ (12) 

for all meromorphic functions of lower order A and all a G C. This was the 
starting point of a study of deviations /3(a, /) by Petrenko and others. The 
results obtained before 1978 are summarized in his book |134j . The main 
difference between the theory of deviations and the theory of defects is the 
absence of a first main theorem: there is no simple relation between f3{a, /) 
and solutions of the equation f{z) = a. 

We only present a sample of the results. By analogy with defects, one 
can expect that the set of exceptional values in the sense of Petrenko 

P{f) := {aeC:(3{aJ)>0} 

is small. This is indeed the case: for every meromorphic function f , the 
set P{f) has zero logarithmic capacity; for functions of finite lower order it 
is at most countable (but may have the power of continuum for functions of 
infinite lower order). The following analog of the Defect relation for functions 
of finite lower order was established by Marchenko and Shcherba |112j : 

'•'^ - ttAcscttA, A<1/2. 

age ' 

Moreover, an analog of Weitsman's theorem (see comments to Chapter V) 
holds: for functions f of finite lower order we have 

aec 



17 



and the exponent 1/2 is best possible. A version Baernstein's spread relation 
also holds with deviations instead of deficiencies |134] . It is worth mentioning 
here that, according to Baernstein [1], the idea of introducing the star func- 
tion that led to the proof of the spread relation occurred under the influence 
of Petrenko's proof of f|T2l) . 

The inverse problem for deviations turned out to be simpler than the 
inverse problem for deficiencies. A complete solution for functions of finite 
order is given in [12]: For every at most countable set {an} of points and 
every sequence of positive numbers (3n satisfying the condition Y.Pn'^ < oo, 
there exists a meromorphic function f of finite order such that j3{an, f) = Pn 
and P{a, /) = for a ^ {a„}. 

In general, there is no relation between the sets £'Ar(/) and -P(/): for every 
pair {A, B) of at most countable subsets of C, there exists a meromorphic 
function f of any given non-zero order such that E^^f) = A and P{f) = B 
[62 [65]. On the other hand, if T(2r, /) = 0{T{rJ)) then P{f) = Ev{f) 

Bergweiler and Bock [TU] found an analog of f[T^ for functions of infinite 
lower order. The idea was to replace T(r, /) in the denominator of flTTj) by 
A{r, /). Notice that if one uses the Ahlfors definition of T(r, /) then A{r, f) = 
dT{r, f)/dlnr, for example, if T{r, f) = then A{r, f) = AT(r, /). Berg- 
weiler and Bock proved that for every meromorphic function f of order at 
least 1/2 and every a & C we have 

b{a, f) := hm mf < vr. 
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and then Eremenko [IS] established the following analog of the Defect Rela- 
tion: 

27r, A > 1/2, 

27rsin7rA, A < 1/2 

aec ^ 1 — / 

assuming that there are at least two values a with b{a, f) > 0. It follows 
that for every meromorphic function the set {a G C : b{a, f) > 0} is at most 
countable. 

Even Drasin's theorem on the extremal functions for the defect relation 
(see Comments to Chapter V) has its analog for b{a, f) [U]: 
/// is of finite lower order and 

aGC 
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then the following limit exists 

r-^oo In r 2 
where n is an integer, and b{a, f) = ir/n or for every a e C. 



19 



References 



[I] Anderson, J. M.; Baernstein, Albert, II. The size of the set on which a 
meromorphic function is large. Proc. London Math. Soc. (3) 36 (1978), no. 
3, 518-539. 

[2] Baernstein, Albert, II. Proof of Edrei's spread conjecture. Proc. London 
Math. Soc. (3) 26 (1973), 418-434. 

[3] Baernstein, Albert, II. A generalization of the cosvrp theorem. Trans. 
Amer. Math. Soc. 193 (1974), 181-197. 

[4] Baernstein, Albert, II. How the *-function solves extremal problems. Pro- 
ceedings of the International Congress of Mathematicians (Helsinki, 1978), 
pp. 639-644, Acad. Sci. Fennica, Helsinki, 1980. 

[5] Baernstein, Albert, II. Regularity theorems associated with the spread 
relation. J. Analyse Math. 31 (1977), 76-111. 

[6] Earth, K. P.; Brannan, D. A.; Hayman, W. K. The growth of plane 
harmonic functions along an asymptotic path. Proc. London Math. Soc. 
(3) 37 (1978), no. 2, 363-384. 

[7] Bergweiler, Walter. Iteration of meromorphic functions. Bull. Amer. 
Math. Soc. (N.S.) 29 (1993), no. 2, 151-188 

[8] Bergweiler, W. On the zeros of certain homogeneous differential polyno- 
mials, Archiv der Math. 64 (1995), 199-202. 

[9] Bergweiler, W. Normality and exceptional values of derivatives, Proc. 
Amer. Math. Soc. 129 (2001), 121-129. 

[10] Bergweiler, Walter; Bock, Heinrich. On the growth of meromorphic func- 
tions of infinite order. J. Anal. Math. 64 (1994), 327-336. 

[II] Bergweiler, W. and Eremenko, A. On the singularities of the inverse to a 
meromorphic function of finite order. Rev. Mat. Iberoamericana 11 (1995), 
355-373. 

[12] Bergweiler, W; Eremenko, A. Proof of a conjecture of Polya on the zeros 
of successive derivatives of real entire functions. To appear in Acta Math. 



20 



[13] Bergweiler, W.; Eremenko, A.; Langlcy, J. K. Real entire functions of 
infinite order and a conjecture of Wiman. Geom. Funct. Anal. 13 (2003), 
no. 5, 975-991. 

[14] Bergweiler, Walter; Langley, J. K. Multiplicities in Hayman's alterna- 
tive. J. Aust. Math. Soc. 78 (2005), no. 1, 37-57. 

[15] F. Briiggemann, Proof of a conjecture of Frank and Langley concerning 
zeros of meromorphic functions and linear differential polynomials. Anal- 
ysis 12 no. 1/2 (1992), 5-30. 

[16] Chang, Kuan Heo. Asymptotic values of entire and meromorphic func- 
tions. Sci. Sinica 20 (1977), no. 6, 720-739. 

[17] Chen Zhen Hua, Normality of families of meromorphic functions with 
multiple valued derivatives. Acta Math. Sinica 30 (1987), 97-105. 

[18] Cherry, William; Ye, Zhuan. Nevanlinna's theory of value distribution. 
The second main theorem and its error terms. Springer- Ver lag, Berlin, 
2001. 

[19] Chuang, C. T., On differential polynomials, in: Analysis of One Complex 
Variable, World Sci. Publishing, Singapore 1987, 12-32. 

[20] Chuang, Chi-Tai; Yang, Chung-Chun. Fix-points and factorization of 
meromorphic functions. Translated from the Chinese. World Scientific 
Pubhshing Co., Inc., Teaneck, NJ, 1990. 

[21] Clunie, J.G. On integral and meromorphic functions, J. London Math. 
Soc. 37 (1962), 17-27. 

[22] Clunie, J.G. On a result of Hayman, J. London Math. Soc. 42 (1967), 
389-392. 

[23] Clunie, J.; Eremenko, A.; Rossi, J. on equilibrium points of logarithmic 
and Newtonian potentials. J. London Math. Soc. (2) 47 (1993), no. 2, 
309-320. 

[24] Csillag, P. Uber ganze Funktionen, welche drei nicht verschwindende 
Ableitungen besitzen. Math. Ann. 110 (1935), 745-752. 



21 



[25] Drasin, David. The inverse problem of the Nevanhnna theory. Acta 
Math. 138 (1976), no. 1-2, 83-151. 

[26] Drasin, David. On Nevanhnna's inverse problem. Complex Variables 
Theory Appl. 37 (1998), no. 1-4, 123-143. 

[27] Drasin, David. Quasiconformal modifications of functions having defi- 
ciency sum two. Ann. of Math. (2) 114 (1981), no. 3, 493-518. 

[28] Drasin, David. Proof of a conjecture of F. Nevanlinna concerning func- 
tions which have deficiency sum two. Acta Math. 158 (1987), no. 1-2, 1-94. 

[29] Drasin, David. The minimum modulus of subharmonic functions of order 
one and a method of Fryntov. J. London Math. Soc. (2) 54 (1996), no. 2, 
239-250. 

[30] Drasin, David. Meromorphic functions: progress and problems, Proc. 
Intl. Congr. Math., (Ziirich, 1994) vol. 2, 828-835. Birkhauser, Basel, 1995. 

[31] Drasin, David; Shea, Daniel F. Polya peaks and the oscillation of positive 
functions. Proc. Amer. Math. Soc. 34 (1972), 403-411 

[32] Drasin, David; Wcitsman, Allen. Meromorphic functions with large sums 
of deficiencies. Advances in Math. 15 (1975), 93-126. 

[33] Edrei, Albert. Sums of deficiencies of meromorphic functions. J. Analyse 
Math. 14 1965 79-107 

[34] Edrei, Albert. Sum of deficiencies of meromorphic functions. J. 
d'Analyse Math. 19 (1967), 53-74. 

[35] Edrei, Albert. Solution of the deficiency problem for functions of small 
lower order. Proc. London Math. Soc. (3) 26 (1973), 435-445. 

[36] Edrei, Albert; Fuchs, Wolfgang H. J. Asymptotic behavior of meromor- 
phic functions with extremal spread. 1. Ann. Acad. Sci. Fenn. Ser A I 
Math. 2 (1976), 67-111. 

[37] Edrei, Alberet; Fuchs, Wolfgang H. J. Asymptotic behavior of mero- 
morphic functions with extremal spread. II. Ann. Acad. Sci. Fenn. Ser A 
I Math. 3 (1977), 141-168. 



22 



[38] Eremenko, A. The growth of entire and subharmonic functions on 
asymptotic curves. (Russian) Sibirsk. Mat. Zh. 21 (1980), no. 5, 39-51, 
189. 

[39] Eremenko, A. Meromorphic solutions of algebraic differential equations. 
(Russian) Uspekhi Mat. Nauk 37 (1982), no. 4(226), 53-82, 240. Correc- 
tion: Uspekhi Mat. Nauk 38 (1983), no. 6(234), 177. 

[40] Eremenko A. Deviations of meromorphic functions of finite lower order. 
(Russian) Teor. Funktsii Funktsional. Anal, i Prilozhen. No. 40 (1983), 
56-64. 

[41] Eremenko, A. Defects and deviations of finite-order meromorphic func- 
tions. (Russian) Dokl. Akad. Nauk Ukrain. SSR Ser. A 1985, no. 1, 18-21. 

[42] Eremenko, A. Inverse problem of the theory of distribution of values for 
finite-order meromorphic functions. (Russian) Sibirsk. Mat. Zh. 27 (1986), 
no. 3, 87-102, 223. 

[43] Eremenko, A. On the set of defect values of a finite-order entire function. 
(Russian) Ukrain. Mat. Zh. 39 (1987), no. 3, 295-299, 404. 

[44] Eremenko, A. Meromorphic functions with small ramification. Indiana 
Univ. Math. J. 42 (1993), no. 4, 1193-1218. 

[45] Eremenko, A. A counterexample to the Arakelyan conjecture. Bull. 
Amer. Math. Soc. (N.S.) 27 (1992), no. 1, 159-164. 

[46] Eremenko, A. An analogue of the defect relation for the uniform metric. 
Complex Variables Theory Appl. 34 (1997), no. 1-2, 83-97. 

[47] Eremenko, A. An analogue of the defect relation for the uniform metric. 
II. Complex Variables Theory Appl. 37 (1998), no. 1-4, 145-159. 

[48] Eremenko, A. Value distribution and potential theory. Proceedings of 
the International Congress of Mathematicians, Vol. II (Beijing, 2002), 681- 
690, Higher Ed. Press, Beijing, 2002. 

[49] Eremenko, A. Transcendental meromorphic functions with three singu- 
lar values. Illinois J. Math. 48 (2004), no. 2, 701-709. 



23 



[50] Eremenko, Alexandre; Langley, Jim; Rossi, John. On the zeros of mero- 
morphic functions of the form f[z) — Z^^i ak/{z — Zk). J. AnaL Math. 62 
(1994), 271-286. 

[51] Fedorov, M. A.; Grishin, A. F. Some questions of the Ncvanhnna the- 
ory for the complex half-plane. Math. Physics, Analysis and Geometry, 1 
(1998), 223-271. 

[52] Frank, Giinter. Fine Vermutung von Hayman iiber NuUstellen meromor- 
pher Funktionen. Math. Z. 149 (1976), no. 1, 29-36. 

[53] Frank, G. Uber die NuUstellen von linearen Differentialpolynomen mit 
meromorphen Koeffizienten, Complex Methods on Partial Differential 
Equations, 39-48, Math. Res. 53, Akademie-Verlag, Berhn 1989. 

[54] Frank, G. and Hellerstein, S. On the meromorphic solutions of nonho- 
mogcncous linear differential equations with polynomial coefficients, Proc. 
London Math. Soc. (3) 53 (1986), 407-428. 

[55] Frank, Giinter; Weissenborn, Gerd. Rational deficient functions of mero- 
morphic functions. Bull. London Math. Soc. 18 (1986), no. 1, 29-33. 

[56] Fryntov, Alexander. A counterexample concerning the maximum and 
minimum of a subharmonic function. Proc. Amer. Math. Soc. 122 (1994), 
no. 1, 97-103. 

[57] Fryntov, Alexander; Rossi, John; Weitsman, Allen. On the longest arc 
relation for (5-subharmonic functions. Complex Variables Theory Appl. 34 
(1997), no. 1-2, 99-108. 

[58] Fryntov, Alexander; Rossi, John; Weitsman, Allen. Circular means of 
fine Green's functions and the longest arc relation. Complex Variables 
Theory Appl. 37 (1998), no. 1-4, 211-224. 

[59] Gleizer, E. V. Meromorphic functions with zeros and poles in small 
angles. (Russian) Sibirsk. Mat. Zh. 26 (1985), no. 4, 22-37, 203. 

[60] Gleizer, E. V. The growth of entire functions with zeros on a system of 
rays. (Russian) Ukrain. Mat. Zh. 38 (1986), no. 3, 297-302, 404. 



24 



[61] Gleizer, E. V. Mcromorphic functions with zeros and poles in small an- 
gles. II. (Russian) Sibirsk. Mat. Zh. 31 (1990), no. 2, 9-20, 223; translation 
in Siberian Math. J. 31 (1990), no. 2, 192-202 

[62] Gol'dberg, A. A. Meromorphic functions. Mathematical analysis, Vol. 
10 (Russian), pp. 5-97. Akad. Nauk SSSR Vsesojuz. Inst. Naucn. i Tehn. 
Informacii, Moscow, 1973. 

[63] Gol'dberg, A. A. Nevanlinna's lemma on the logarithmic derivative of a 
meromorphic function. (Russian) Mat. Zametki 17 (1975), no. 4, 525-529. 

[64] Gol'dberg, A. A.; Eremenko, A.; Sodin, M. L. Exceptional values in the 
sense of R. Nevanlinna and in the sense of V. P. Petrenko. I. (Russian) Teor. 
Funktsii Funktsional. Anal, i Prilozhen. No. 47 (1987), 41-51; translation 
in J. Soviet Math. 48 (1990), no. 6, 648-655 

[65] Gol'dberg, A. A.; Eremenko, A.; Sodin, M. L. Exceptional values in 
the sense of R. Nevanlinna and in the sense of V. P. Petrenko. II. (Rus- 
sian) Teor. Funktsii Funktsional. Anal, i Prilozhen. No. 4 (1987), 58-70; 
translation in J. Soviet Math. 49 (1990), no. 2, 891-899 

[66] Gol'dberg, A. A.; Grinstcin, V. A. The logarithmic derivative of a mero- 
morphic function. (Russian) Mat. Zametki 19 (1976), no. 4, 525-530. 

[67] Gol'dberg, A. A.; Levin, B. Ya.; Ostrovskii, I. V. Entire and meromor- 
phic functions. Complex analysis, I, 1-193, 254-261, Encyclopaedia Math. 
Sci., 85, Springer, Berlin, 1997. 

[68] Govorov, N. V. Riemann's boundary problem with infinite index. Edited 
and with an introduction and an appendix by I. V. Ostrovskii. Translated 
from the 1986 Russian original by Yu. I. Lyubarskii. Birkhuser Verlag, 
Basel, 1994. xii+252 pp. 

[69] Gundersen, Gary G.; Hayman, Walter K. The strength of Cartan's ver- 
sion of Nevanlinna theory. Bull. London Math. Soc. 36 (2004), no. 4, 433- 
454. 

[70] Hayman [1] in the old list. 

[71] Hayman, W. K. Picard values of meromorphic functions and their 
derivatives, Ann. of Math. 70 (1959), 9-42. 



25 



[72] Hayman, W. K. On the Valiron deficiencies of integral functions of infi- 
nite order. Ark. Mat. 10, 163-172. (1972). 

[73] Hayman, W. K. The minimum modulus of integral functions of order 
one, J. Analyse Math., 28 (1975), 171-212. 

[74] Hayman, W. K. On Iversen's theorem for meromorphic functions with 
few poles. Acta Math. 141 (1978), no. 1-2, 115-145. 

[75] Hayman, W. K. An approximation theorem with applications to 
Iversen's theorem. Aspects of contemporary complex analysis (Proc. 
NATO Adv. Study Inst., Univ. Durham, Durham, 1979), pp. 209-223, 
Academic Press, London-New York, 1980. 

[76] Hayman, W. K. On a meromorphic function having few poles but not 
tending to infinity along a path. Ann. Polon. Math. 39 (1981), 83-91. 

[77] Hayman, Walter. Warings Problem fiir analytische Funktionen. Bayer. 
Akad. Wiss. Math.-Natur. Kl. Sitzungsber. 1984, 1-13 (1985). 

[78] Hayman, W. K.; Kjellberg, B. On the minimum of a subharmonic func- 
tion on a connected set. Studies in pure mathematics, 291-322, Birkhuser, 
Basel, 1983. 

[79] Hayman, W. K. Subharmonic functions. Vol. 2. London Mathematical 
Society Monographs, 20. Academic Press, Inc. [Harcourt Brace Jovanovich, 
Pubhshers], London, 1989. 

[80] Hayman, W. K. Nevanlinna theory 1945-1995. XVIth Rolf Nevanhnna 
Colloquium, Eds.: Laine/Martio, Walter de Gryuyter and Co., Berlin, 
New York, 1996. 

[81] Hennekemper, W. Uber die Werteverteilung von (Z*^^^)*^'^-*, Math. Z. 177 
(1981), 375-380. 

[82] Hinchliffc, J.D. On a result of Chuang related to Hayman's alternative, 
Comput. Methods Funct. Thy. 1 (2002), 293-297. 

[83] Hinchliffe, J.D. The Bergweiler-Eremenko theorem for finite lower order. 
Result. Math. 43 (2003), 121-128. 



26 



[84] Ishizaki, K. Some remarks on results of Mues about deficiency sums of 
derivatives, Arch. Math. (Basel) 55 (1990), 374-379. 

[85] Hinkkanen, A. A sharp form of Nevanhnna's second fundamental theo- 
rem. Invent. Math. 108 (1992), no. 3, 549-574. 

[86] Hinkkanen, A. Iteration and the zeros of the second derivative of a mero- 
morphic function. Proc. London Math. Soc. (3) 65 (1992), no. 3, 629-650 

[87] Hinkkanen, A. Reality of zeros of derivatives of meromorphic functions. 
Ann. Acad. Sci. Fenn. Math. 22 (1997), no. 1, 21-38 

[88] Hinkkanen, A. Zeros of derivatives of strictly non-real meromorphic func- 
tions. Ann. Acad. Sci. Fenn. Math. 22 (1997), no. 1, 39-74. 

[89] Hinkkanen, A. Iteration, level sets, and zeros of derivatives of meromor- 
phic functions. Ann. Acad. Sci. Fenn. Math. 23 (1998), no. 2, 317-388 

[90] Hinkkanen, A. Zeros of derivatives of meromorphic functions with one 
pole. Complex Variables Theory Appl. 37 (1998), no. 1-4, 279-369. 

[91] Hellerstein, Simon; Shea, Daniel F. Minimal deficiencies for entire func- 
tions with radially distributed zeros. Proc. London Math. Soc. (3) 37 
(1978), no. 1, 35-55. 

[92] Hellerstein, Simon; WiUiamson, Jack. Derivatives of entire functions and 
a question of Polya. Trans. Amer. Math. Soc. 227 (1977), 227-249 

[93] Hellerstein, Simon; WiUiamson, Jack. Derivatives of entire functions and 
a question of Polya. II. Trans. Amer. Math. Soc. 234 (1977), no. 2, 497-503. 

[94] Hellerstein, Simon; Williamson, Jack. Entire functions with negative 
zeros and a problem of R. Nevanlinna. J. Analyse Math. 22 1969 233-267. 

[95] Hellerstein, Simon; Shen, Li Chien; Williamson, Jack. Reality of the 
zeros of an entire function and its derivatives. Trans. Amer. Math. Soc. 
275 (1983), no. 1, 319-331. 

[96] Hyllengren, Anders. Valiron deficient values for meromorphic functions 
in the plane. Acta Math. 124 1970 1-8. 



27 



[97] KhabibuUin, B. N. Growth of entire functions with prescribed zeros 
and representation of meromorphic functions. (Russian. ) Mat. Zametki 
73 (2003), no. 1, 120-134; translation in Math. Notes 73 (2003), no. 1-2, 
110-124 

[98] KhabibuUin, B. N. The representation of a meromorphic function as 
the quotient of entire functions and Paley problem in U": survey of some 
resuhs. Mat. Fiz. Anal. Geom. 9 (2002), no. 2, 146-167. 

[99] Kondratyuk, A. A. Fourier series and meromorphic functions, L'viv, 
Vyshcha shkola, 1988. 

[100] Lang, Serge. Introduction to complex hyperbolic spaces. Springer- 
Verlag, New York, 1987. 

[101] Lang, Serge. Number theory. III. Diophantine geometry. Encyclopaedia 
of Mathematical Sciences, 60. Springer- Verlag, Berlin, 1991. xiv-|-296 pp. 

[102] Langley, J.K. On Hayman's alternative, Mathematika 32 (1985), 139- 
146. 

[103] Langley, J.K. Proof of a conjecture of Hayman concerning / and /". J. 
London Math. Soc. (2) 48 (1993), no. 3, 500-514. 

[104] Langley, J.K. On second order linear differential polynomials. Result. 
Math. 26 (1994), 51-82. 

[105] Langley, J.K. A lower bound for the number of zeros of a meromorphic 
function and its second derivative, Proc. Edinburgh Math. Soc. 39 (1996), 
171-185. 

[106] Langley, J.K. The second derivative of a meromorphic function of finite 
order. Bulletin London Math. Soc. 35 (2003), 97-108. 

[107] Langley, J. K. The zeros of //" - b. Results Math. 44 (2003), no. 1-2, 
130-140. 

[108] Langley, J. K. Critical values of slowly growing meromorphic functions, 
Comput. Methods Funct. Theory. 2 (2002), 539-547. 

[109] Langley, J. K. Nonrcal zeros of higher derivatives of real entire functions 
of infinite order, J. d'Analyse 97 (2005), 357-396. 



28 



[110] Levin B. Ja. and Ostrovskii, I. V. The dependence of the growth of an 
entire function on the distribution of zeros of its derivatives. Sibirsk. Mat. 
Zh. 1 (1960) 427-455. Enghsh transl., AMS Transl. (2) 32 (1963) 323-357. 

[Ill] Lewis, John L.; Wu, Jang-Mei. On conjectures of Arakelyan and Lit- 
tlewood. J. Analyse Math. 50 (1988), 259-283. 

[112] Marchenko, I. I.; Shcherba, A. I. On the magnitudes of deviations 
of meromorphic functions. (Russian) Mat. Sb. 181 (1990), no. 1, 3-24; 
translation in Math. USSR-Sb. 69 (1991), no. 1, 1-24 

[113] Merenkov, S. Rapidly growing entire functions with three singular val- 
ues, preprint, http://www.math.lsa.umich.edu~merenkov/entirel.pdf 

[114] Miles, Joseph. Quotient representations of meromorphic functions. J. 
Analyse Math. 25 (1972), 371-388. 

[115] Miles, Joseph. On entire functions of infinite order with radially dis- 
tributed zeros. Pacific J. Math. 81 (1979), no. 1, 131-157. 

[116] Miles, Joseph. Some examples of the dependence of the Nevanlinna 
deficiency upon the choice of origin. Proc. London Math. Soc. (3) 47 (1983), 
no. 1, 145-176. 

[117] Miles, Joseph. On the growth of meromorphic functions with radially 
distributed zeros and poles. Pacific J. Math. 122 (1986), no. 1, 147-167. 

[118] Miles, Joseph. A sharp form of the lemma on the logarithmic derivative. 
J. London Math. Soc. (2) 45 (1992), no. 2, 243-254. 

[119] Miles, Joseph; Shea, Daniel F. An extremal problem in value- 
distribution theory. Quart. J. Math. Oxford Ser. (2) 24 (1973), 377-383. 

[120] Miles, Joseph; Shea, Daniel F. On the growth of meromorphic functions 
having at least one deficient value. Duke Math. J. 43 (1976), no. 1, 171-186. 

[121] Mohonko A. Z. Characteristics of certain meromorphic functions. (Rus- 
sian) Teor. Funkcii Funkcional. Anal, i Prilozen. No. 14 (1971), 83-87. 

[122] Mues, E. Uber eine Defekt- und Verzweigungsrelation fiir die Ableitung 
meromorpher Funktionen, Manuscripta Math. 5 (1971), 275-297. 



29 



[123] Mues, E. Uber die Nullstellen homogener Differentialpolynome, 
Manuscripta Math. 23 (1978), 325-341. 

[124] Mues, E. Uber ein Problem von Hayman, Math. Z. 164 (1979), 239-259. 

[125] Mues E. and Steinmetz, N. The theorem of Tumura-Clunie for mero- 
morphic functions, J. London Math. Soc. (2) 23 (1981), 113-122. 

[126] Narasimhan, Raghavan. Un analogue holomorphe du theoreme de Lin- 
demann. Ann. Inst. Fourier 21 (1971), no. 3, 271-278. 

[127] F. Nevanlinna (see the old ref hst). 

[128] Nevo, S., Pang, X. and Zalcman, L. Picard-Hayman behavior of deriva- 
tives of meromorphic functions with multiple zeros. Electron. Res. An- 
nounc. Amer. Math. Soc. 12 (2006), 37-43. 

[129] Osgood, Charles F. A number theoretic-differential equations approach 
to generalizing Nevanlinna theory. Indian J. Math. 23 (1981), no. 1-3, 1-15. 

[130] Osgood, Charles F. Sometimes effective Thue-Siegel-Roth-Schmidt- 
Nevanhnna bounds, or better. J. Number Theory 21 (1985), no. 3, 347-389. 

[131] Osgood, Charles F. Simplified proofs of generalizations of the n-small 
function theorem. Analysis of one complex variable (Laramie, Wyo., 1985), 
158-174, World Sci. Publishing, Singapore, 1987. 

[132] Pang Xuecheng, Bloch's principle and normal criterion, Sci. China Ser. 
A 32 (1989), 782-791. 

[133] Pang Xuecheng, On normal criterion of meromorphic functions, Sci. 
China Ser. A (33) (1990), 521-527. 

[134] Petrenko, V. P. Growth of meromorphic functions (Russian) Izdat. pri 
Harkov. Cos. Univ. Izdat. Ob'ed. "Vyshcha shkola", Kharkov, 1978. 

[135] Polya, G. Uber die Nullstellen sukzessiver Derivierten, Math. Z. 12 
(1922), 36-60. 

[136] Qiao, Jianyong. Two problems in the value distribution theory. Acta 
Math. Sinica 11 (1995), 4, 365-371. 



30 



[137] Ru, Mill. Nevanlinna theory and its relation to Diophantine approxi- 
mation. World Scientific Publishing Co., Inc., River Edge, NJ, 2001. 

[138] Rubel, Lee A. Entire and meromorphic functions. Springer- Verlag, New- 
York, 1996. 

[139] Sauer, Andreas. Deficient rational functions and Ahlfors's theory of 
covering surfaces. Ark. Mat. 39 (2001), no. 1, 151-155. 

[140] Saxer, W. Sur les valeurs exceptionelles des derivees successives des 
fonctions meromorphes, C.R. Acad. Sci. Paris 182 (1926), 831-3. 

[141] Saxer, W. Uber die Picardschen Ausnahmewerte successiver Deriv- 
ierten. Math. Z. 17 (1928), 206-227. 

[142] Shea, Daniel F. On the set where a meromorphic function is large. 
Complex analysis and its applications (Hong Kong, 1993), 95-106, Pitman 
Res. Notes Math. Ser., 305, Longman Sci. Tech., Harlow, 1994. 

[143] Shea, D.F. and Sons, L.R. Value distribution theory for meromorphic 
functions of slow growth in the disk, Houston Math. J. 12 (1986), 249-266. 

[144] Sheil-Small, T. On the zeros of the derivatives of real entire functions 
and Wiman's conjecture. Ann. of Math. (2) 129 (1989), no. 1, 179-193. 

[145] Sons, L.R. Value distribution for unbounded functions in the unit disc. 
Complex Var. Theory Appl. 7 (1987), 337-431. 

[146] Steinmetz, N. Uber die NuUstellen von Differentialpolynomen, Math. 
Z. 176 (1981), 255-264. 

[147] Steinmetz, N. Eine Verallgemeinerung des zweiten Nevanlinnaschen 
Hauptsatzes, J. fiir die reine u. angewandte Mathematik 368 (1986), 134- 
141. 

[148] Steinmetz, N. On the zeros of (/(^^ + ap-ifP'^^ + ... + oq/)/. Analysis 
7 (1987), 375-389. 

[149] Steinmetz, N. On the zeros of a certain Wronskian, Bull. London Math. 
Soc. 20 (1988), 525-531. 



31 



[150] Ter-Israeljan, L. A. A meromorphic function of zero order with a non- 
asymptotic defect value. (Russian) Mat. Zametki 13 (1973), 195-206. En- 
glish translation: Math. Notes 13 (1973), 116-123. 

[151] Tohge, K. Logarithmic derivatives of meromorphic or algebroid solu- 
tions of some homogeneous linear differential equation. Analysis (Munich) 
19 (1999), 273-297. 

[152] Tumura, Y. On the extensions of Borel's theorem and Saxer-Csillag's 
theorem, Proc. Phys. Math. Soc. Japan (3) 19 (1937), 29-35. 

[153] Vojta, Paul. Diophantine approximations and value distribution theory. 
Lecture Notes in Mathematics, 1239. Springer- Verlag, Berlin, 1987. 

[154] Wang, Y.F. On Mues' conjecture and Picard values, Sci. China Ser. A 
36 (1993), 28-35. 

[155] Wang Y.F. and Fang, M. Picard values and normal families of mero- 
morphic functions with multiple zeros. Acta Math. Sinica New Ser. 14 
(1998), 17-26. 

[156] Wang, Y.F., Yang, C.C. Yang, L. On the zeros of (/('=))"/ - a, Kexue 
Tongbao 38 (1993), 2215-2218. 

[157] Weitsman, Allen. A theorem on Nevanlinna deficiencies. Acta Math. 
128 (1972), no. 1-2, 41-52. 

[158] Weitsman, Allen. Meromorphic functions with maximal deficiency sum 
and a conjecture of F. Nevanlinna. Acta Math. 123 1969 115-139. 

[159] Yamanoi, Katsutoshi. Defect relation for rational functions as targets. 
With errata by the author. Forum Math. 17 (2005), no. 2, 169-189. 

[160] Yamanoi, Katsutoshi. The second main theorem for small functions 
and related problems. Acta Math. 192 (2004), no. 2, 225-294. 

[161] Yang, L. Precise estimate of total deficiency of meromorphic deriva- 
tives, J. d'Analyse Math. 55 (1990), 287-296. 

[162] Yang, Lo. Value distribution theory. Translated and revised from the 
1982 Chinese original. Springer- Verlag, Berhn; Science Press, Beijing, 
1993. 



32 



[163] Zalcman. L. Normal families: new perspectives, Bull. Amer. Math. Soc. 
(N.S.) 35 (1998), 215-230. 



[164] Zhang Z.-L. and Li, W. Tumura-Clunie's theorem for differential poly- 
nomials. Complex Variables 25 (1994), 97-105. 

A. E.: Purdue University 
West Lafayette, IN 47907 USA 



J. K. L. : University of Nottingham, 
NG 7 2RD 
U K. 



33 



